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‘_h BEC as a quantum amplifier

Bose-Einstein condensation
amplifies quantum behavior of
individual particles to
macroscopic phases.



i Simplest BEC

b~ @(ry) - p(ry) ¥) = —=(a")™|0)
All atoms occupy the same single particle
states ¢(r) .
Mean field theory.

P(r) becomes the order parameter
[equivalently, vNg@r) 1.



i Two-component BEC

A mixture of A-atoms and B-atoms:
Y R Pq(Ta1) * Pa(Tan,) ® Op(re1) -+ - Pp(ToN,)

6) = g ()N (0HN[0) = )0 @ [}

A-atoms and B-atoms condense separately .



i Josephson effect

. Y = P(ry) - o(ry)
¢(r) = ¢r(r) + ¢r(r)

or
o(r) = ¢1(r)| 1) + ¢y (r)| 1).

= The superposition feature of individual
particles is amplified to macroscopic behavior.



* Spin-1 BEC
= Mean Field: (DS gb(rl) e qb(I‘N)

¢(r) = ¢1|1) + ¢o[0) + p—1| — 1)
= Exact (AF):
) ~ [(ah)? — 2a” ;a]]N/2|0)
Y~ S{p(ry,r2) - P(rv-1,rN)}
d(r1,r2) ~ ¢00l0,0) — vV2¢_11(] — 1,1) + |1, —1)).

Condensation in a fwo-particle superposition state
of identical particles.



+

Can BEC amplify entanglement
between individual distinguishable
particles To a macroscopic phase?




‘_L Quantum entanglement

W) # |Y)a @ [Y)B

= Most (or only?) essential difference
between quantum mechanics and classical
mechanics.

= A and B parts are distinguishable.

= For our purpose, A and B are systems of
identical particles.



2 distinguishable species
i X 2 internal states (pseudospins)

= Each atom can flip the spin between
two states, but cannot transit between
the atom species.

= N;+ and N;| (i@ = a,b) are not conserved.
N; = N + Ny 1s strictly conserved.



BEC occuring in an interspecies
two-particle entangled state

¥S, Int.J. Mod. Phys. B 15, 3007 (2001)

U = NS[¢(ra17 I'bl) T ¢(raN7 rbn)]-
A(Ta, 1) = T5[Pat (Ta)l TaBoy(re)| )b — day(ra)l Lader(rs)] 1))
» ¢(ry,1p) IS The entangled order parameter.

n Let's call it entangled BEC (EBEC). It is
the BEC amplification of entanglement.

» Could be a useful source of EPR pairs.

= Second quantization form:
Go) = (VN + IN)~Y(albl — alb])N|0)



SU(2) symmetric model

i Kuklov&Svistunov, PRL 89, 170403 (2002)
H = fdx[%Hl% + %¢l¢£1¢01¢0]°

= To conserve an initial small S during cooling, the atoms
occupy two orbital modes.

= Atom numbers in the two orbitals are not conserved, but
are fixed through measurement or microcanonical
distribution.

= For such fixed numbers, the "ground state” is apparently
similar to EBEC, with two species replaced as the two
orbital modes.

= But all the atoms are identical particles. If the atoms are
taken out of the trap, the orbital identity is lost. So it is
more like spin-1 BEC: BEC of two-particle superposition
state, with three single-particle degrees of freedom (spin,
orbital mode, position).



Our second quantized Hamiltonian

i YS4& Q. Niu, PRL. 96, 140401 (2006)

Only the lowest orbital modes are occupied.
The two species are distinguishable, can have a small total spin.

a K€
H=Ho+Hpo+ Y K2 NogNyor + 5 (ala,b]br +ajardid)

Hj — fjaNja + % Zao’ Kc(fjf.jj’)NjUNjUU
K's are proportional to corresponding scattering lengths.

K. (spin exchange) term causes interspecies
entanglement in the ground state



i Spin representation

Sa — ZO',O'/ a/j;.SO'O'/a/O'/j Sb — ZO',O'/ bZ'SO-O-/ bo-/

= The Hamiltonian becomes that of two giant
spins S, =N,/2 and Sy = Ny/2

e E
— J—(Sawsbw + SaySby) + Saszz + BaSaz + Bbsz + Cassz + Cbsgz + J—O

Sl

s Coefficients are functions of K’s.



Isotropic parameter point

H=J.S, S
= Ground states:
Gs.) = A(a}) (a])™ (alb] — a]b])™>|0)
ny = No/2 — Ny/2+S,,n| = N, /2 — N /2 — S,
Degenerate for S: #0, unique for each s: .
Non-degenerate for s.=0
For N, = N, = N.:
Go) = (VN + IN)~Y(albl — albl)N|0)
EBEC is the exact ground state




Entanglement lowers the energy

A simple example:

h(rq) + h(ry) + Ui(ra — rp) + Ua(re — vp) (| T [+ [ 1D AT )
U >0

Ba(ra)u(re)(| 1) L) — [ D] 1)/V2

has lower energy than

Ga(Ta)®p(rp)|0)|0”)



EBEC is a special kind of
fragmented BEC

,Oa,(I', I'/) — (Na/2 + Sz)¢2¢(r/)¢aT(r) + (Na/2 o Sz) Z¢(r/)¢a¢(r)v
po(r,r') = Ny /205, (x") dup (r) + Np /295 (r') dpy (r).
All a atoms form a fragmented condensate,

while all b atoms form another one.
= Inan entangled particle pair, each particle is not in a pure
quantum state, but in a mixed state. Likel?/, in EBEC, each
species of atoms does not undergo a simple BEC, but form a
fragmented condensate.

= There is phase coherence among interspecies pairs. The
pairs undergo simple BEC.

= Interspecies entanglement can be regarded as a
characterization of the non-mean field nature of single
particles, or deviation from the usual multicomponent BEC.

= Closely associated with symmeftry.



Quantifying the entanglement

+

= Quantified as entanglement entropy: von
Neumann entropy of the reduced density
matrix of each species.

» The calculation is most easily done by
using occupation number representations

[method: YS, PRA 67,024301 (03)].
= The entanglement is maximal (1) at |GO>.




+

How this entanglement and
fragmentation survive the
coupling anisotropy and the
nonvanishing of B,, By, C, , Cy

H K. Ey
J_ T(SamewwLSaySby)JrS S, + ByS,. + BpSh. —|—CS +CbSb —I—J—



i Numerical investigation

n Use the Lanczos method to find the ground
state numerically.

s It is found that in a wide parameter regime,
there is significant amount of interspecies
entanglement in the ground state.



Persistence of entanglement in
i a wide parameter regime (1)

= Ba:Bb:Ca:Cb:O; SZZO
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Persistence of entanglement in
i a wide parameter regime (2)

B,=By,=0,=C, =0

" S, = 12000, S, = 10000
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Persistence of entanglement in
a wide parameter regime (3)

. and C} nonzero, B, = By = 0, under typical values
S, = 12000, S, = 10000, S, = 1000, K./J, = 1.2

J,, C,J, and CpJ, are of the same order of magnitude




Persistence of entanglement in
‘L a wide parameter regime (4)

Typically choose C, = 0.2 and C, = 0.4




i Analytical investigation

= Can symmetry, fragmentation and
entanglement persist even under
symmetry breaking perturbation?

YS, EPL 86, 60008 (2009)



Perturbed ground state

S is not conserved, but S, is still conserved.

Focus on S, = 0:
H1 causes mixing of |S,S, = 0) with different values of S.

‘\Ijn> — ZS ¢n(5)|5, O>
o = (8K, /mA) /e 557

A =2K.f,
f=(By—By)N/2— (Co+ Cyp+ K. — J,)N? /2.

Thus for a finite volume system (K. remains nonzero),

Yo(S) — 6(S5) as A — 0.



A finite-volume converse situation
of spontaneous symmetry breaking
i in an infinite system

= Key factor: the volume is finite.

If take (2 — oo first,

then 1 (S) becomes independent of [.

Consequently the ground state is an equal superposition

of |S,0) of all possible values of S, hence breaks the symmetry.
This is SSB if the symmetry breaking perturbation is infinitesimal.



1

So the GS approaches the unperturbed
entangled BEC state |0, 0).

The symmetry is protected by

the vanishing gap.

Therefore EBEC can persist ina
significant parameter regime.



Detection of the entanglement (1)

+

= Fluctuations of Nic :/(N2) — (N,,)2/{Nu,)

= Can be obtained from density fluctuation,
which Is self-averaging, and can be studied In
a single optical image
pic (vi) = Nig|pic (r:)|?

V (pio(ri)?) = (pio(r:))?/{pic(ri)) = V(NZ) — (Nig)?/(Nis)




Detection of the entanglement (2)

+

= Nonvanishing of the correlations
Ca,o" — <Na0'Nba’> — <Naa><Nba’>

9(Ta,0;7b,0") = {Pac(Ta)pPro' (Tb)) — (Pac(Ta)) (Lo (Tb))

g(ra, g, I'p, 0/)/<paa(ra)><pba’ (rb)> — Ca,a’/<Nao><Nba’>



Detection of entanglement (3)

+

= Measuring spin of an A-atom,
Py = <a$aa>/ Zo" <a:r7,aa/>

= Joint measurement of the spins of an A-
atom and a B-atom which leave the trap

Poor = <b2/a$%ba'>/zaa,ab <b(1;'ba’(-‘;'aa’0'ab0'b>'

Paaao-b # PaaPJb



Experimental feasibility

YS, EPL 86, 60008 (2009)

Use two species of alkali atoms in an optical trap.
Use |F=2,mp=2) and |[F=1,mp =1)
to represent the two pseudospin states.

Energy splitting and total /' and m g conservation forbid
scattering to other hyperfine states.

Recent two-componet
Experiments [Thalhammer et al

PRL O8; Papp et al, PRL 08]
can be extended for our purpose.
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Dynamics

YS, arXiv:0909.4990



Time-dependent Gross-Pitaevskii equations

+

5[;12 Ldt =0 —

0, (r) 12 AN — 1) N-1
th ‘7875 = {—%VZ + UJ(I’) + 3 ggjg)|¢ja<r)|2 + ngjg)|¢j5(r)|2
N-—-1 = 2N +1 (i3
+=5—953 |67 (0 + ngjg $55(r)[*} 50 (r)

N 42
6

9eP35 (1) P55 (r)9j5 (T),



Supercurrents

+

Njo = (N/2)¢;a¢j07

Jjo — 22i%<¢;av¢j0 o v¢;a¢j0) = NjoVjo

8nj(, r, S
20 4V T (r,t) = Sjo

Sao — _Sbo — _Sa5 — Sb5

8nj +n; —
) LV (3504 35y) = 0.

O(Nago+Nbo
( a—tl_b)_FV‘(JaJ_I_JbU):O'

9% 2o Mo + V35 5 Tje = 0.



i Spin supercurrent

oné

57tV T = [mr (G 1) - me (i, DS

Olnatmi) L 5. (J2 + J5) =0,

The total spin supercurrent is conserved.



i Hydrodynamics

¢30 — fjaezq)jaa Viec = h vq)]0'7
8Vjo- v ~ 2
m Ot (/’L]O' + mjvjo')

flio = 5 nwwm—a + Ujo + 205 968 o +
(N 1) (17) +( —1) (G3), _+ (2N+1) (45) __|_V.(e)

9o Njo goo N 9os 1 jo
N +2 N3N
ij(;) — Tge\/ J n;g COS((I)ja + (I)jc_f — (1)36 — (I)ja)

is due to spin exchange scattering.

There is inter-dependence between superfluid
velocities of different components.



Elementary excitations

y ) . .
Assume: Uy, =0, g% = g, 9% = 2g;, 95%) = g5, 652 = ga.

Variation from the wavefunctions at ground state:

6¢ja _ e_i/ﬁh [uja(q)ez'(q.r—wt) _ v;fa(q)6—@'((:1.1-—<,ut)]7
AU = wU,

U= (uaTa Vaty Uals Val s Ubt, Vb, Uby, /Ub\L)T-



Elementary excitations (continued)

Four excitations (i=1,2,3):

Three are Bogoliubov-like, two of which depend on both
infra- and interspecies scattering, the other depends
only on interspecies scattering,
) 0 0 i
B = EO(ED + TP, oo

The fourth excitation is a gapped mode,

E(§4) > (0 when g — 0.



Summary

+

Entangled BEC: Bose-Einstein condensation, occurring in an
interspecies two-particle entangled state.

The (macroscopic) order parameter is entangled.

Like a pure two-particle entangled state, where each
particle is not in anr‘ pure spin state, there is no simple BEC
of either species; there is only a global simple BEC.

The entangled BEC can persists in wide parameter regime,
as far as the energy gcclf remains vanishing, and can be
experimentally realized.

The system may be useful as a source of entangled atom
pairs.

There are four supercurrents and four spin supercurrents.
The total ones are conserved.

There are three Bogoliubov-like modes and a gapped mode.



+

dhank you for your attention!
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