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Figure: IJ=00 channel�� scattering phase shift data from
CERN-Munich and E865.
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The return of�

The � particle was �rstly introduced[Gell-Mann and Levy]in
association with the linear� model.
Early studies of nuclear physics requires�
Non-linear realization of chiral symmetry was later discovered
[Callan, Coleman, Wess and Zumino]. It is suggested that the� is
unnecessary for chiral symmetry breaking.
Some insist on the existence of� [T•ornqvist, Ishida, Beveren and
many others]�! the return of the� meson in PDG after
disappearing for more than 30 years.
Highly non-perturbative, strong interaction nature { Not easy to
separate a distant pole from the background contributions {
Conclusions model dependent. Not very convincing.
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Realization of Chiral Symmetry?
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Non-linear realization of chiral symmetry requires�

Analytic continuation of sin(2� � ) on the complexs plane:

F(s) �
1

2i �
(S(s) �

1
S(s)

): (1)

sin(2� � ) = � F ;

F(s) = � +
X

i

� i

2i � (si )(s � si )
�

X

j

1=2i � (zII
j )

S0(zII
j )(s � zII

j )

+
1
�

Z

L

ImLF(s0)
s0 � s

ds0+
1
�

Z

R

ImRF(s0)
s0� s

ds0 (2)

For �� scatterings:L = ( �1 ; 0] ; R = [ 4m2
K ; 1 ).
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The sigma meson is crucial to adjust chiral
perturbation theory to experiment
[Z. G. Xiao and H.Z., 2001]

Figure: Data from CERN-Munich and E865.l :h:c: from � PT.

previous estimates onl :h:c: [Ishida et al.; Achasov et al]
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Similarly (J. He, Z. Xiao and H.Z., Phys. Lett.B536,59,2002;
Erratum-ibid.B549,362, 2002.),

~F �
1
2

(S +
1
S

) (3)

cos(2� � ) = ~F = ~� +
X

i

� i

2(s � si )
+

X

j

1
2S0(zII

j )(s � zII
j )

+
1
�

Z

L

ImL ~F(s0)
s0� s

ds0+
1
�

Z

R

ImR ~F(s0)
s0 � s

ds0; (4)

S(z) = ~F + i � F ) The generalized unitarity relation (S+ S = 1):

~F2 + ( � F)2 � 1 (5)

on the whole complexs plane! ) simplest solutions
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The simplestS matrices

A virtual/bound state pole ats0 (s0 real). sL < s0 < sR,
sL = ( mK � m� )2, sR = ( mK + m� )2. The scattering length:

a(s0) = �
2

p
sR

sR � sL

r
s0 � sL

sR � s0
: (6)

The S matrix can be expressed as,

S(s) =
1� i � (s) s

s� sL

q
s0� sL
sR � s0

1� i � (s) s
s� sL

q
s0� sL
sR � s0

: (7)
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A resonance located atz0 (Im[z0] > 0) and z�
0 : The S matrix can

be expressed as:

S(s) =
M 2(z0) � s + i � (s)sG[z0]
M 2(z0) � s � i � (s)sG[z0]

; (8)

where

M 2(z0) = Re[z0] +
Im[z0] Im[z0 � (z0)]

Re[z0 � (z0)]
; G[z0] =

Im[z0]
Re[z0 � (z0)]

; (9)

and the scattering length is,

a(z0) =
Im[z0]Re[z0 � (z0)]

Im[z0]2 + Re[z0� (z0)]2

2
p

sR
�
M 2(z0) � sR

�

(sR � z0) (sR � z�
0 )

: (10)
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Figure: Left: M 2(z0) as a function ofRe[z0], for �xed Im[z0]. Right:
some examples of resonance contribution to the phase shift.

M(z0) is the place where the resonance contribution to the phase
shift passes�= 2. However,a light and broad resonance can have a
very largeM(z0)2. [the red dragon].
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The PKU representation
The factorizedS matrix and the separable singularities:

Sphy: =
Y

i

SRi � Scut : (11)

Scut : no longer contains any pole:

Scut = e2i � f (s) ;

f (s) =
s
�

Z

L

ImLf (s0)
s0(s0 � s)

+
s
�

Z

R

ImRf (s0)
s0(s0 � s)

: (12)

Subtraction constant can be determined!
Mandelstam Analyticity(Polynomial boundedness of scattering
amplitudes) (Z. Y. Zhou and H.Z., NPA775(2006)212) )

f (0) = 0 : (13)
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The background phase contribution

The phase is additive,� (s) =
P

i � Ri + � b:g:.

� b:g:(s) = � (s)f (s) : (14)

ImL;Rf (s) = �
1

2� (s)
logjSphy (s)j : (15)

The approximation scheme:

discfL = discf
1

2i � (s)
log

�
S� PT (s)

�
g : (16)

Background contributes negatively to scattering phase shift and
scattering lengths. Crucial in stabilizing the pole position!
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Quantum Scattering Theory Correspondence

For a �nite range potential (r < R):

S(k) = e� 2ikR
1Y

1

kn + k
kn � k

; (17)

wherek is the (single) channel momentum andkn pole locations
on the complexk plane. The Eq. (17) automatically predicts a
negative background contribution!
Eq. (17) written down byNing Hu, Phys. Rev. 74(1948)131.
Rigorous prove by T. Regge in 1958.
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Prof. Ning Hu (1916{1997)

� 1943: PhD in Caltech.

� 1942{1945: IAS, Princeton.

� 1945{1947: IAS, Ireland.

� 1947 { 1948: Nils Bohr Institute.

� 1948 { 1950, Cornell U., Wisconsin U..

� 1951 { 1997: Peking University

Theory for meson nucleon interaction;
General relativity and gravitational wave;
S matrix theory;
Quantum electro dynamics;
Quark model.

Figure:
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Towards a precise determination to the� pole location

Unitarity + Analyticity + Crossing Symmetry
(Crossing=BNR relations + penalty function method)

m� = 470 � 50MeV ; � � = 570 � 50MeV : (18)
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Figure: [Z. Y. Zhou et. al., 05]
Han-qing Zheng PKU

Low lying scalar resonances and chiral symmetry



The return of � The PKU representation The nature of the � Matching at large NC 

 ! ��

� (700)
The � resonance also has a rather long history and the status is
more controversial. Data also contain some problems.
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Figure: The left, circular and right hand cut of� K scatterings.
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� exists if the scattering length is not far from the value
obtained from� PT.
[H.Z. et. al., 04]
Taking f (0) = 0 into account: � exists
[Z. Y. Zhou and H.Z. 06]
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Fit up to 1430MeV of LASS data

� 2
d:o:f : = 80:3=(60 � 6) ;

M� = 694 � 53MeV ; � � = 606 � 59MeV ;

MK � = 1443 � 15MeV ; � K � = 199 � 35MeV

� 2
1=2 = � 13:6 � 40:0Gev2 ; � 2

3=2 = � 11:4 � 1:7Gev2 ;(19)

a1=2 = 0 :219� 0:034 b1=2 = 0 :075� 0:023;

a3=2 = � 0:042� 0:002 b3=2 = � 0:0271 (20)

Scattering lengths no longer free parameters. If freezing kappa,
� 2

d:o:f : = 1055:0=(60 � 6) :
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Roy equation analysis
[Caprini, Colangelo and Leutwyler]

m� = 441+16
� 8 MeV ; � � = 544+25

� 8 MeV (21)

The Roy{Steiner equation analysis
[Descotes-Genon and Moussallam]

m� = 658 � 13MeV ; � � = 557 � 24MeV (22)

PKU approach: simpler, more intuitive, orthogonal calculations,
without much loss of rigorousness
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Evidence for the existence of� from BES experiments:
J= ! !� + � � (Phys. Lett. B598: 149-158,2004.) (also E791)

���������	
	��
�����
���

Figure: Dalitz plot and � + � � invariant mass spectrum.

M� � i � � =2 = (541 � 39) � i (252� 42)MeV
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H. Leutwyler – Bern

VISIT THE RED DRAGON

GENTLE ANIMAL
LOOK IN HIS EYES FROM CLOSE

SMELL HIS GOOD BREATH
BRING YOUR PIONS ALONG AND

FEED HIM YOURSELF

The management denies responsibility for incidents involving the dragon’s tail

The lowest resonance of QCD – p.39/39

H.Leutwyler, QCHSVII
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On the nature of�
I Linear sigma models at hadron level:

N. A. Tornqvist, Z. Phys.C68(1995)647; N. N. Achasov and
G. N. Shestakov, PRD 49(1994)5779; R. Kaminski, et al.,
PRD 50(1994)3154; M. Ishida et al., PTP99(1998)1031;
D. Black et al., PRD 64 (2001) 014031.[Gasser, Leutwyler
1984]

I Linear sigma model at quark level:
M. D. Scadron et al., Nucl. Phys.A724(2003)391.

I Tetra quark model:
R. L. Ja�e, Phys. Rev.D15 (1977) 267.

I ENJL model:
T. Hatsuda and T. Kunihiro Phys. Rep. (1994).

I Dynamically generated resonance:
A. Gomez Nicola, J. R. Pelaez, PRD 65(2002)054009;
J. A. Oller et al., PRD 59(1999)074001.
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The scalar puzzle

q�q

�ss

�nn

�sn

f 0

�

a0; �
�qq�qq

�ss�nn

�nn�nn

�sn�nn � (700)

� (470)

a0; f 0

(570)

(600)

(570)

[Ja�e 1977]

The magni�cent di�erence between widths should provide thekey
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Mass relations?
Pole mass vs. line shape mass

m� < m� < ma0 ? (23)

A resonance located atz0: The S matrix can be expressed as:

S(s) =
M 2(z0) � s + i � (s)sG[z0]
M 2(z0) � s � i � (s)sG[z0]

; (24)

M 2(z0) >> Re[z0] for a light and broad resonance) suggests the
correct mass relation:
(L. Y. Xiao, HZ & Z. Y. Zhou, talk given at QCD06, Montpellier)

1GeV ' M� � Ma0 < M� ! (25)

M� � 930MeV ; M� � 1380MeV : (26)

Hard to imagine how to develop a large width from a small bare
massM� � 500MeV!
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Scalars in NJL and E-NJL models

To explain the large widths of� and � :
I NJL model, i.e., linear realization of chiral symmetry (scalars

as chiral partners of the pseudo-goldstones) can provide a
consistent description to light and broad� and � , and the
narrow a0(980), but un-natural.

I The E-NJL model has no chance to describe the vector sector
and the scalar sector simultaneously well.

I Problem withf0(980)
I light and spurious poles may occur in K-matrix unitarization

[M.X. Su, L.Y. Xiao, HZ, NPA 2007]
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Unitarization approximations

I � appear asdynamicalpole in unitarized� PT amplitudes.
I Attention to spurious poles
I Method should be examined, results should be understood.

UsingPKU parametrization form, onedemonstrates[ Z. X. Sun,
et al, 2007] in the largeNC and chiral limit, one gets the� pole
position:

s� =
16i � f 2

�

1 + 16i � f 2
� 4

;

4 =
2

3f 2
�

(22L1 + 14L2 + 11L3) / O(N0
C) ; (27)

the same as [1,1] Pad�e prediction
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under twoassumptions:
I s-channel (� ) pole dominance
I neglecting dynamical (crossed channel) cuts

It helps to understand why

1. The [1,1] Pad�e works good in the I,J=1,1 channel

2. not so good in the IJ=00 channel

3. runs into disaster in the I,J=2,0 channel

Gives a guide on when Pad�e approximation works, when fails!
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Dynamically generated resonance?

Di�erent Nc behavior)
[Pelaez 04, Pelaez, Rios 06]) dynamically generated resonance.

O(N) linear sigma model(QCD)
The [n,n] Pad�e amplitudes: exact sigma pole location. The K
matrix good approximation. [Willenbroch 1990]

Testing methods: Non-linearize the O(N) model lagrangian,
integrate out the� (at tree level) or forget it, studying various
unitarized amplitudes and studying theNc trajectories of the
`dynamical' pole.
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Figure: � pole trajectory with respect toNc , in Pad�e approximant and in
the linear (solvable) model.

Lessons:The bent structure of the `dynamical� ' pole trajectory
does not demonstrate in any sense that the� is dynamical. Rather
it is very much like the property of the true� meson a la Nambu,
Gellman and Levy [L.Y. Xiao, Z.H. Guo, HZ 07]
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Exotica?

Here exotic pole� a pole with aNc dependence di�erent from
M � O(1), � � O( 1

Nc
).

All exotic poles so far encountered in various unitarization
approximations are either spurious or accompanied by spurious
poles (Conclusions obtained by analyticity+Nc counting rules).

One exception: the virtual pole in IJ=20 channel of�� scattering.

All evidences collected so far are consistent with aM� � O(1),
� � � O( 1

Nc
) behavior in the largeNc limit
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LargeNc expansion of PKU parametrization form

S = Scut �
Y

R

SR ;

� PT expansion � resonance expansion (28)

Matching: at threshold and at leading order of1Nc
expansion.

Y

R

SR(s) =
Y

R

�
1 + 2 i � (s) T sR(s)

�
; (29)

with

T sR(s) =
s GR [z0]

M 2
R[z0] � s � i � (s)s GR [z0]

; (30)

GR [z0]=(M 2
R [z0] � 4m2

� ) alwayspositive de�nite for any second
sheet pole) whenNC ! 1 , poles can only reside on the real axis
or at in�nity [Z.G. Xiao & HZ, MPLA 2007].
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[Z.H. Guo, J.J. Sanz-Cillero, H.Z. 07]

f (s) = fL(s) + fR(s) �
s
�

Z

L

ImLf (s0)
s0(s0� s)

ds0+
s
�

Z

R

ImRf (s0)
s0(s0 � s)

ds0 ;

f (s)L; �� = � j T (0)j + O(1=N2
C ) ;

fL(s) = � j T (0)j +
X

R

T tR (s) + O
�

1
N2

C

�
;

T tR (s) =
s
�

Z � M 2
R +4 m2

�

�1

ImT tR (s0)
s0(s0 � s)

ds0:

Calculable atO(N � 1
c ) using Froissart{Gribov projection formula.
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[Z.H. Guo, J.J. Sanz-Cillero, H.Z. 07]

T (s)NC !1 = T (0) +
X

R

T tR (s) +
X

R

T sR(s) : (31)

An alternative way to reach this relation is through the partial
T {matrix dispersive relation

T (s) = T (0) +
s
�

Z 0

�1

ds0ImT (s0)
s0(s0 � s)

+
s
�

Z 1

4m2
�

ds0ImT (s0)
s0(s0� s)

: (32)

) The PKU parametrization form is reduced to aT {matrix partial
wave dispersion relation under narrow width approximation(and in
the largeNc limit) . The former is hence simply a combination of
partial wave dispersion relation and single channel unitarity.
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Matching at di�erent orders:

O(p2):

1
16� f 2 =

9� (0)
V

M (0) 3
V

+
2� (0)

S

3M (0) 3
S

;

Three di�erent channels produce the same results!
[ Hikasa and Igi 1999 ]N=D

KSRFrelation:
1

16� f 2 =
6� (0)

V

M (0) 3
V

In the IJ=11 channel, this is equivalent to neglecting crossed
channel vector and scalar exchanges!
[ Basdevant, Zinn-Justin 1971 ]
Careful chiral power counting not considered in previous studies
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T (0) t tR
0 t sR

0 t � PT
0 = m� aI

J

IJ = 11 � m2
�

24� f 2
4� S
9M 3

S
+ 2� V

M 3
V

4� V
M 3

V
0

IJ = 00 � m2
�

32� f 2 � 4� S
3M 3

S
+ 36� V

M 3
V

4� S
M 3

S

7m2
�

32� f 2

IJ = 20 m2
�

16� f 2 � 4� S
3M 3

S
� 18� V

M 3
V

0 � m2
�

16� f 2

Table: Summary of the di�erent contributionsT (0), t tR
0 , t SR

0 to the
scattering lengths at leading order in them2

� expansion. The generalized
KSRF-relation derives from the matching of the sum of the �rst three
columns to the� PT prediction, t � PT

0 . In the last line,T (0) contains the
sum of�j T (0)j and theIJ = 20 virtual pole contribution.

Partial wave amplitudes remember crossing symmetry!
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Matching at di�erent orders:

O(p4):

L2 = 12� f 4 � (0)
V

M (0) 5
V

;

L3 = 4 � f 4

 
2� (0)

S

3M (0) 5
S

�
9� (0)

V

M (0) 5
V

!

:

[G. Eckeret al., 1989]
Positivity:

L2 > 0 ; 3L2 + L3 > 0

[Pham and Truong 1985]
Numerically scalar e�ects easy to be overlooked in low energy
chiral expansions.
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Matching at di�erent orders:
O(p2m2

� ):
A novel relation any lagrangian model has to obey:[GSZ]

0 =
2
3

� (0)
S

M (0) 5
S

[� S + 6] +
9 � (0)

V

M (0) 5
V

[� V + 6] : (33)

The physical widths and masses, �R and MR , carry an implicit
dependence onm2

� , which can be expressed in the form

� R

M 5
R

=
� R

M
5
R

"

1 + � R
m2

�

M
2
R

+ O(m4
� )

#

; (34)

� R

M 3
R

=
� R

M
3
R

"

1 + � R
m2

�

M
2
R

+ 
 R
m4

�

M
4
R

+ O(m6
� )

#

; (35)
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Matching atO(p6)

Z.H. Guo, J.J. Sanz-Cillero, H.Z. Phys. Lett. B661(2008)342.

A(s; t ; u) =
s � m2

�

f 2 +
16m4

�

f 4

�
L2 + L3 + L8 �

1
2

L5

�

�
16m2

� s
f 4 (L2 + L3) +

2s2

f 4 (2L3 + 3L2) +
2(t � u)2

f 4 L2

16m6
�

f 6 (� 8L2
5 + 32L8L5 � 32L2

8) +
m6

�

f 6 (r1 + 2rf )

+
m4

� s
f 6 (r2 � 2rf ) +

m2
� s2

f 6 r3

+
m2

� (t � u)2

f 6 r4 +
s3

f 6 r5 +
s(t � u)2

f 6 r6

(36)
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r2 � 2rf =
64� f 6� S

M
7
S

�
1 +

� S

3
+


 S

6

�
+

� f 6� V

M
7
V

(7584 + 1248� V + 144
 V )

(37)

r3 =
64� f 6� S

3M
7
S

�
1 +

� S

2

�
�

768� f 6� V

M
7
V

(1 +
3� V

32
) ; (38)

r4 =
192� f 6� V

M
7
V

�
1 +

� V

8

�
; (39)

r5 =
32� f 6� S

3M
7
S

+
36� f 6� V

M
7
V

; (40)

r6 =
12� f 6� V

M
7
V

: (41)

Z. H. Guo and J.J. Sanz-Cillero, Phys. Rev. D79:096006,2009; A
reanalysis to theO(p6) scattering lengths.
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 ! �� data
T. Mori et al. (Belle Collaboration) 07;
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M. R. Pennington, Mod. Phys. Lett. A22(2007)1439.

composition prediction author(s)

(uu + dd)=
p

2 4.0 Babcock and Rosner 76
ss 0.2 Barnes 85
gg 0:2 � 0:6 Narison 06

[ns][ns] 0.27 Achasovet al 82
0.6 Barnes 92

KK 0.22 Hanhart 07

Table: Summary of two photon decay width of scalars calculated in
di�erent models.
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D. Morgan, M. R. Pennington, Z. Phys.C48(1990)623.
G. Mennessier, Z. Phys.C16(1983)241.
A. V. Anisovich, V. V. Anisovich, Phys. Lett.B467(1999)289.
L. V. Fil'kov, V. L. Kashevarov, Phys. Rev.C72(2005)035211.
N. N. Achasov, G. N. Shestakov, arXive:0712.0885 [hep-ph].
J. A. Oller, L. Roca, C. Schat, Phys. Lett.B659(2008)201.
J. Bernabeu, J. Prades, Phys. Rev. Lett.100(2008)241804.
G. Mennessier, S. Narison, W. Ochs, Phys. Lett.B665(2008)205.
� � � � � �
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A couple channel calculation in IJ=00 channel

Y. Mao et al., arXive::0904.1445v2,
(Babelon et al. 76; Donoghue, Holstein 93; Morgan, Pennington
91):

F(s) = FB + D(s)[Ps �
s2

�

Z 1

4m2
�

ImD � 1(s0)FB (s0)
s02(s0 � s � i � )

ds0] : (42)

2 by 2 matrixD only containsr :h:c: and satis�es couple channel
unitarity; iteration method.

ImD11 = D11� 1T �
11� 1 + D21� 2T �

12� 2 ;

ImD21 = D11� 1T �
21� 1 + D21� 2T �

22� 2 ; (43)

FB Born term amplitudes:� + V + A + exponential form-factor.
Single channel approx. for other channels) D=Omn�es function.
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Couple channelT matrix
K3 �t of Au, Morgan, Pennington 88;
Re�t by adding Pislak et al. 03:
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Poles fromK3 matrix �t

pole sheet{II sheet{III
� 0.507 - 0.229i 0.638 - 0.165 i

f0(980) 0.994 - 0.019 i 0.984 - 0.033 i

Table: The poles's location on the
p

s{plane, in units of GeV.

Breit{Wigner description off0(980)?

\Ambiversion of X(3872)", Ou Zhang et al., arXiv:0901.1553
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Pole-positions(GeV) �(fJ ! 

 )(keV)
f II
0 (980) 0:999� 0:021i 0:12

f III
0 (980) 0:977� 0:060i 0:35
f0(600) 0:549� 0:230i 0:76

f2(1270)(� = 0) 1 :272� 0:087i 0:66
f2(1270)(� = 2) 3 :70

Table: Di-photon decay width of poles

� = 2 dominates; �f2(1270)! 2
 (4:36keV) >
�( Pennington08)(3:82 � 0:30) > �( PDG)(3:03 � 0:35) ; f II

0 (980)
width agrees withM. R. Pennington, T. Mori, S. Uehara, Y.
Watanabe, Eur. Phys. J.C56(2008)1; �( f0(600) ! 2
 ) very small.
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A re�ned �t using single channel amplitude
T matrix from Zhou et al. 05
upto 800MeV; one parameter �t; others �xed by couple channel�t
and treated as background.
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� 2 pole location �( � ! 

 ) (keV)
0.8 0:456� 0:276i 2:08

Table: One parameter �t up to 0.8GeV of data.

I Non �qq meson.
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g2
��� couplings

T matrix from Zhou et al., JHEP 0502(2005)043)

M� = 457MeV ; � � = 551MeV ;

and the residue:

g2
��� = ( � 0:20 � 0:13i )GeV2 :

G. Mennessier, S. Narison, W. Ochs, Phys. Lett. B665(2008)205:

g2
��� = ( � 0:25 � 0:06i )GeV2 :

Re[g2] < 0!
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The PKU representation

Sphy: = Sf0(600) �
Y

i

SRi � Scut :

SR(s) =
M 2(z0) � s + i � (s)sG[z0]
M 2(z0) � s � i � (s)sG[z0]

;

M 2(z0) = Re[z0] +
Im[z0] Im[z0 � (z0)]

Re[z0 � (z0)]
; G[z0] =

Im[z0]
Re[z0 � (z0)]

:

Mainly a kinematical e�ect?: Neglecting everything rather than
f0(600),

g2
��� = ( � 0:18 � 0:20i )GeV2 :

More than a pure kinematical e�ect!
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The O(N) model, v1

T 00 (s) =
1

32�
s � m2

�

f 2
� � (s � m2

� )
�

1
� 0 + eB0 (s)

�

eB0
�
p2�

=
� i
2

Z
d4q

(2� )4
1

q2 � m2
�

1

(p + q)2 � m2
�

Renormalization:

1
� (M)

=
1
� 0

�
i
2

Z
d4q

(2� )4

1
(q2 + i � )(q2 � M 2 + i � )

; (44)

1
� (M)

+ ~B(p2; M) =
1
� 0

+ ~B0(p2) :

~B(s; M) =
1

32� 2

�
1 + � (s) log

� (s) � 1
� (s) + 1

� log
m2

�

M 2

�
:
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Chivukula, Golden 92

� 2 d�
d� 2 =

� 2(� 2)
32� 2 : (45)

To de�ne the theory:
1

� (M)
= 0 :

M denotes the scale where perturbation expansion fails {
The theory is still �ne!
However,Tachyon occursat m2

t . Theory only works when
jsj << jm2

t j.
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The O(N) model, v2

Sharp momentum cuto� at � :
No tachyon. Spurious cut and spurious pole nearby, instead.
Cuto� version of e�ective theory.
Set for example

1
� (�)

= 0 ;

de�nes (another) theory.
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Furthermore, to get the `real' sigma pole position,� (M) blows up
at very low value:

� (M � :55GeV) = 1 :

Conclusion: The \� " pole manifests the maximal
`nonperturbativity' that QCD could o�er.
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Thanks for patience!
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Backup
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If the full scattering amplitude is polynomial bounded then
f (0) = 0.

In order to achieve this, one only needs to proveT I
J (s ! 0) is no

more singular thanO(s� n) wheren is an arbitrary but �nite
constant.
The proof can be made following the method of (H.-P. Jakob and
F. Steiner, Z. Physik228(1969)353.), but in the present case the
situation is simpler. From partial wave projection formula,

T I
J (s) =

1
32�

1
2qs

2

Z 0

� 4qs2
dtPJ (1 +

t
2qs

2 )T I (s; t ; u) ; (46)

we see,

q2
s !

(m2
K � m2

� )2

4
s� 1 ! + 1 (when s ! 0+ ) : (47)

Han-qing Zheng PKU

Low lying scalar resonances and chiral symmetry



The return of � The PKU representation The nature of the � Matching at large NC 

 ! ��

Hence the asymptotic limit ofT I
J (s) when s ! 0+ is governed by

the asymptotic behavior ofT I (s; t ) when s ! 0+ and t ! �1 ,
through Eq. (46). On the other side, the asymptotic behaviorof
T (s ! 0� ) is governed by the asymptotic behavior ofT I (s; t )
whens ! 0� and t ! + 1 . The physical region of� K ! � K is
given byt = 0 and the hyperbolasu = ( m2

K � m2
� ). It is noticed

that T I (s; t ) is a regular function ofs at s = 0 for any �xed t ,
since on the Mandelstam plot the lines = 0 does not touch any of
the double spectral region. Hence we only need to discuss the
t ! �1 limit of T I (s; t ) for �xed small positives. In such a
situation, one can prove the following relation,

lim
t ! + 1

T I (s; t ) = lim
t !�1

T I (s; t ) (48)
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using a mathematical theorem which states that:a function which
is analytic in the upper half of the complex z plane and does not
increase exponentially forjzj ! 1 along any ray in the upper half
of z plane, cannot tend to di�erent limits along the positiveand
negative real axis(of course only along the upper edge). The
conditions for this theorem to hold are no more than the
Mandelstam analyticity assumption.
Therefore we consider thes ! 0+ limit of Eq. (46), taking J = 0
only for simplicity. AssumingjT (s; t )j < jt jn for any �xed s and
large jt j, we have

lim
s! +0

jT I
0(s)j < lim

s! 0+

1
32�

1
2qs

2

Z 0

� 4qs2
dt jT I (s; t )j

< lim
s! 0+

1
32�

1
2qs

2

Z 0

� 4qs2
dt jt jn

� O(s� n) : Q:E:D: (49)
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