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Introduction Nucleon Electromagntic Form Factors

Electron as an electromagnetic probe

hN(P0)jJ�
EM(x)jN(P)i = ei(P0� P) �x�u(P0)

�

 � F1(Q2) + i� �� q�

2MN
F2(Q2)

�
u(P)

q = P0 � P; Q2 = � q2.

Elastic electron-proton scattering gives
information about size, shape, charge and
current distributions of the nucleon.

p'

p q=P' - P

P
P'

Under one-photon exchange approximation

d�
d


/ F2
1(Q2) +

Q2

4M2

�
F2

2(Q2) + 2(F1(Q2) + F2(Q2)) tan2 �
2

�

Rosenbluth separation method (JLab): d�
d
 vs. tan2 �

2 to obtain F1(Q2) and
F2(Q2).
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Introduction Nucleon Electromagntic Form Factors

Nucleon Electromagnetic Form Factors
Dirac form factor F1(Q2)

Fp;n
1 (Q2 = 0) gives the charge of the proton (1) or neutron (0).

Pauli form factor F2(Q2)
F2(Q2 = 0) � � : anomalous magnetic moment.
� p = 2:79, � n = � 1:91.

Mean squared radii:

hr2
i i = �

6
Fi(0)

@Fi(Q2)
@Q2 jQ2= 0

Sachs form factors are often used by experiementalists:

Electric: GE(Q2) = F1(Q2) �
Q2

4M2
N

F2(Q2)

Magnetic: GM(Q2) = F1(Q2) + F2(Q2)
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Introduction Puzzles

Puzzles–I

Inconsistency between the new results
from spin polarization experiments and
the old Rosenbluth separation results.

red squares and blue circles: spin
polarization results

green triangles and circles: Rosenbluth
separation results

May be due to radiative corrections,
which affect Rosenbluth results more
signi�cantly than polarization results.

Calculations including two-photon
exchange partially resolve inconsistency.
BLUNDEN„ MELNITCHOUK AND TJON, PRC 72, 034612 (2005)

) New generation of precision experiments at
Mainz.

MARC VANDERHAEGHEN, ARXIV:0710.5200

[NUCL-TH]
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Introduction Puzzles

Puzzles–II

The value of the proton r.m.s charge radius
p

h(rp
E)2i is still

controversial
Phenomenological �ts to experimental data: 0.8768(69) fm;

PDG 2008

Dispersion theory: 0.840 ... 0.852 fm
Belushkin, Hammer and Meissner (2007)

Precise lattice calculations can give insights to the resolution of these
puzzles.
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Lattice Calculations Methodology

Lattice Nucleon Matrix Elements

We want to determine the matrix element hN(P0)jJ�
EM(x)jN(P)i on

the lattice.
Lattice three-point correlation function:

C3pt
� 0� [(t0;~p0); ( �;~q); ( t;~x)] =

X

~x0

e� i~p0�~x0 X

~y

ei~q�~yhN� 0(t0;~x0)O(�;~y)N� (t;~x)i

where O(�;~y) can be operators of interest, such as J�
EM mentioned earlier

Fixed momentum transfer ~q and sink momentum ~p0, and source
momentum determined as ~p = ~p0 � ~q.

Momenta are discrete:

pi =
2� n
L

; n = � L=2; � L=2 + 1; :::; L=2 � 1
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Lattice Calculations Methodology

Connected vs. Disconnected
Written in terms of quark �elds, nucleon operator (neutron) is
typically

N(x) = � abc(daC
 5ub)dc

Together with the current operator, two types of contractions
contribute

t t'

t

t t'

t

Disconnected diagram is expensive to calculate.

In the isovector case (p � n), only connected diagrams contribute.
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Lattice Calculations Methodology

Nucleon Matrix Elements

Ground state dominates when t0 � � � t

C3pt
� 0� [(t0;~p0); ( �;~q); ( t;~x)] !

1
2E~p02E~p

e� E~p0( t0� � )e� E~p( � � t) e� i~p�~x

� h
 jN� 0jN;~p0; s0ihN;~p; sjN� j
 i hN;~p0; s0jOjN;~p; si

Two-point correlation function:

C2pt
�� 0(t0;~p0; t;~x) !

1
2E~p0

e� i~p0�~xe� E~p0( t0� t) h
 jN� 0jN;~p0; sihN;~p0; sjN� j
 i

Proper three-point to two-point ratio cancels out common
factors
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Lattice Calculations Methodology

Three-point to two-point ratio
Choice not unique. A good example:

RO (�; p0; p) =
C3pt

O (�; p0; p)
C2pt(t0; p0)

�
�

C2pt(t0 � � + t; p) C2pt(�; p0) C2pt(t0; p0)
C2pt(t0 � � + t; p0) C2pt(�; p) C2pt(t0; p)

� 1=2

RO (�; p0; p) should exhibit a constant region where it is free of
excited-state contamination;

The average of the plateau R is proportional to hN(~p0)jOjN(~p)i

For different components of the current operator (e.g. � = 1; 2; 3; 4), we
get a set of equations

Ri =
X

i

Aij F j
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Lattice Calculations Methodology

Overdetermined Analysis

Typically the number of equations exceeds the number of form
factors to be determined.

+
We have an overdetermined problem!

� 2 minimization to determine the optimal values for the form
factors fF jg

� 2 =
NX

i= 1

 P n
j= 1 Aij F j � Ri

� i

! 2

n – number of form factors to be determined
N – number of non-zero contributions
Aij 's are known analytically. Fit parameters are F j 's.

Meifeng Lin (LHPC) Nucleon Electromagnetic Form Factors July 23, 2009 15 / 47



Lattice Calculations Details of the Calculation
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Lattice Calculations Details of the Calculation

Computing Facilities

ANL:
Blue Gene/P (DOE ESP, Incite), 150 TFlops sustained

BNL:
QCDOC (USQCD), 4 TFlops sustained

JLab:
clusters 6-n, 7-n (USQCD), 3 TFlops sustained

MIT:
Blue Gene/L (DOE NNSA), 1 TFlops sustained

New Mexico:
Encanto cluster (State of New Mexico)
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Lattice Calculations Details of the Calculation

Ensembles and Measurements

DWF ensembles with 2 + 1 �avors of domain wall fermions:

a[fm] L3 � T (aml)=(ams)DWF m� [MeV] # meas
0.114 243 � 64 0.005/0.04 330 3208
0.084 323 � 64 0.004/0.03 297 4928
0.084 323 � 64 0.006/0.03 355 7064
0.084 323 � 64 0.008/0.03 403 4224

Source-sink separation T = 12 on the �ne lattices, and T = 9 on
the coarse lattices.

8 measurements on a con�guration ( 4 backwards propagators
calculated coherently with a proton source and an anti-proton
source)
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Lattice Calculations Details of the Calculation

The DWF Dirac Operator

Sdwf
F =

X

x;x0;s;s0

�	( x; s)Dx;s;x0;s0(mf )	( x0; s0)

T.Blum et al, PRD 69:074502,2004

Dx;s;x0;s0 = � s;s0Dk
x;x0 + � x;x0D?

s;s0

Dk
x;x0 : 4D Wilson Dirac operator

Dk
x;x0 = �

1
2

4X

� = 1

h
(1 � 
 � )Ux;� � x+ �̂; x0 + ( 1 + 
 � )Uy

x0;� � x� �̂; x0

i

+ ( 4 � M5)� x;x0

D?
s;s0 : derivative in the 5th dimension, s

D?
s;s0 = �

1
2

h
(1 � 
 5)� s+ 1;s0 + ( 1 + 
 5)� s� 1;s0 � 2� s;s0

i

+
mf

2

h
(1 � 
 5)� s;Ls� 1� 0;s0 + ( 1 + 
 5)� s;0� Ls� 1;s0

i
:
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Lattice Calculations Details of the Calculation

4D Quark Fields from 5D Formulation
The conventional four-dimensional quark �elds �q(x) and q(x) can be projected out of
the 5D quark �elds �	( x; s) and 	( x; s)

q(x) = PL	( x; 0) + PR	( x; Ls � 1)
�q(x) = �	( x; Ls � 1)PL + �	( x; 0)PR

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������

������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������
������

Ls

Left-handed

Residual Mass

Right-handed 4D4D

Quark states bound to the left and right walls
with left-handed and right-handed chiralities

Finite Ls would allow mixing between two
bound states , which leads to small residual
chiral symmetry breaking

Current simulations have Ls = 16 in the �fth
dimension.
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Lattice Calculations Details of the Calculation

List of Momenta
List of momenta analyzed:

# houtjini Q2 [GeV2]
1 h0; 0; 0j0; 0; 0i ; h� 1; 0; 0j� 1; 0; 0i 0.0
2 h0; 0; 0j1; 0; 0i ; h� 1; 0; 0j0; 0; 0i 0.203
3 h� 1; 0; 0j� 1; 0; 1i 0.204
4 h0; 0; 0j1; 1; 0i 0.391
5 h� 1; 0; 0j� 1; 1; 1i 0.395
6 h� 1; 0; 0j0; 0; 1i 0.422
7 h0; 0; 0j1; 1; 1i 0.568
8 h� 1; 0; 0j0; 1; 1i 0.626
9 h� 1; 0; 0j1; 0; 0i 0.844

10 h� 1; 0; 0j1; 1; 0i 1.048

Momenta with large components are noisier, and also suffer from
larger excited-state contaminations and discretization errors.
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Results

Sneak Preview

To appear on arXiv before or during the lattice conference (hopefully).
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Results Isovector Form Factors

Isovector form factors

De�ne F1(Q2) and F2(Q2) for each quark �avor f by

hP0; S0jV�
( f ) jP; Si = �U(P0; S0)

�

 � F( f )

1 (Q2) + i� �� q�

2MN
F( f )

2 (Q2)
�

U(P; S) ;

V�
( f ) = � ( f ) 


�  ( f ) ;

Proton and neutron electromagnetic currents

J�
em;p =

2
3

�u
 � u �
1
3

�d
 � d ; J�
em;n = �

1
3

�u
 � u +
2
3

�d
 � d :

Isovector and isoscalar form factors:

Fv
1;2(Q

2) = Fp
1;2(Q

2) � Fn
1;2(Q

2) = Fu
1;2(Q

2) � Fd
1;2(Q

2) = Fu� d
1;2 (Q2);

Fs
1;2(Q

2) = Fp
1;2(Q

2) + Fn
1;2(Q

2) =
1
3

�
Fu

1;2(Q
2) + Fd

1;2(Q
2)

�
=

1
3

Fu+ d
1;2 (Q2);
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Results Isovector Form Factors

Vector current renormalization

ZV is obtained by setting

ZVFu� d
1 (0) = 1:

Chiral symmetry ) ZA = ZV in the chiral limit

0 0.05 0.1 0.15 0.2
mp

2
 [GeV

2
]

0.73

0.735

0.74

0.745

0.75

0.755

ZA
ZV
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Results Isovector Form Factors

Q2 Dependence

Phenomenological dipole �ts:

F1(Q2) =
1

(1 + Q2=M2)2

F2(Q2) =
F2(0)

(1 + Q2=M2)2

No theoretical foundations for these Ansätze

Try both dipole and tripole forms

Test the stability of the �ts by changing the Q2 cutoffs
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Results Isovector Form Factors

0.3
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1

F 1u-
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Q
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Q
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Q
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2
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F 1u-
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F 1u-
d (Q
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Q
2
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2
]
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1

1.04

1.08

1.12

F 1u-
d (Q

2 )/
di
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0

1

2

3

F 2u-
d (Q

2 )

Q
2
 cut = 0.5 GeV

2

Q
2
 cut = 0.7 GeV

2

Q
2
 cut = 1.1 GeV

2

0.92

0.96

1

1.04

1.08

1.12

F 2u-
d (Q

2 )/
di

po
le

0.92

0.96

1

1.04

1.08

1.12

F 2u-
d (Q

2 )/
di

po
le

0 0.1 0.2 0.3 0.40.5 0.60.7 0.8 0.9 1 1.1

Q
2
 [GeV

2
]

0.92

0.96

1

1.04

1.08

1.12

F 2u-
d (Q

2 )/
di

po
le

mp=297 MeV

mp=297 MeV

mp=355 MeV

mp=297 MeV

mp=355 MeV

mp=403 MeVmp=403 MeV

mp=297 MeV

Ratios of lattice data to dipole �ts

Fits seem to be stable over the whole
Q2 range

Data are lower than the dipole form
at small Q2, higher at large Q2

Such behavior is consistent with the
empirical �ts to the experimental data

Friedrich & Walcher (2003)
Arrington, Melnitchouk &
Tjon (2007)
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Results Isovector Form Factors

Zoom-in to the two heaviest ensembles....

0.96

1

1.04

1.08

1.12

F 1u-
d (Q

2 )/
di

po
le

0 0.1 0.2 0.3 0.40.5 0.60.7 0.8 0.9 1 1.1

Q
2
 [GeV

2
]

0.96

1

1.04

1.08

1.12

F 1u-
d (Q

2 )/
di

po
le

0.92

0.96

1

1.04

1.08

1.12

F 2u-
d (Q

2 )/
di

po
le

0 0.1 0.2 0.3 0.40.5 0.60.7 0.8 0.9 1 1.1

Q
2
 [GeV

2
]

0.92

0.96

1

1.04

1.08

1.12

F 2u-
d (Q

2 )/
di

po
le

m! =355 MeV m! =355 MeV

m! =403 MeVm! =403 MeV

Used dipole �ts with Q2 cut off at 0.5 GeV2 to determine ( rv
1) 2, ( rv

2) 2 and � v
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Results Isovector Form Factors

Comparison with Experiment

Fits to lattice data assume a
dipole form

Gu� d
E (Q2) =

1
(1 + Q2=M2

D)2

Monotonically approach the
experimental result.

However, need chiral
extrapolations in both m�

and Q2 to have a direct
comparison with experiment.

Chiral expansion in Q2 only
works at very small Q2. )
extrapolate rms radii instead.

0 0.2 0.4 0.6 0.8 1
Q

2
 [GeV

2
]

0

0.2

0.4

0.6

0.8

1

G
E

u-
d

mp = 297 MeV, Fine

mp = 355 MeV, Fine

mp = 403 MeV, Fine
mp = 330 MeV, Coarse

Experiment

Experiment: parameterization by J.J.Kelly (2004)
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Results Isovector Form Factors

Chiral Extrapolations

Used two different formulations of SU(2) chiral effective � eld theories:

O(� 3) SSE: heavy baryon chiral perturbation theory with explicit
�( 1232) degrees of freedom

Small-Scale Expansion, Hemmert, Holstien and Kambor (1998)
simultaneous expansions in
m2

� , Q2 and � 2 (� � N mass splitting)

O(p4) CBChPT: covariant baryon chiral perturbation theory
without explicit �( 1232) degrees of freedom

in IR scheme: Gasser, Sainio and Svarc (1988)
Expressions for nucleon EM form factor derived by
Gail and Hemmert (2007)
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Results Isovector Form Factors

SSE chiral extrapolations

�
rv
1
� 2 = �

1

( 4� F� ) 2

�
1 + 7g2

A +
�

10g2
A + 2

�
log

�
m�

�

��

�
12B( r)

10 ( � )

( 4� F� ) 2
+

c2
A

54� 2F2
�

(

26 + 30 log
�

m�

�

�

+ 30
�

q
� 2 � m2

�

log

2

4
�

m�
+

vu
u
t � 2

m2
�

� 1

3

5

)

+ O ( m� ) ;

(1)

� v( m� ) � ( rv
2) 2 =

g2
AMN

8� F2
� m�

+
c2
AMN

9� 2F2
�

q
� 2 � m2

�

log

2

4
�

m�
+

vu
u
t � 2

m2
�

� 1

3

5 + O ( m0
� ) : (2)

� v( m� ) = � 0
v �

g2
A m� MN

4� F2
�

+
2c2

A� MN

9� 2F2
�

8
<

:

s

1 �
m2

�

� 2
log [R( m� )] + log

�
m�

2�

�
9
=

;

� 8Er
1( � ) MNm2

� +
4cAcVgAMNm2

�

9� 2F2
�

log
�

2�

�

�

+
4cAcVgAMNm3

�

27� F2
� �

�
8cAcVgA� 2MN

27� 2F2
�

8
<

:

 

1 �
m2

�

� 2

! 3= 2

log [R( m� )] +

 

1 �
3m2

�

2� 2

!

log
�

m�

2�

�
9
=

;
; + O ( m3

� )(3)
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Results Isovector Form Factors

SSE chiral extrapolations

Input

gA F� [GeV] � [GeV]
1.2 0.0862 0.293

Also from phenomenology, cA � 1:5 and cV � � 2:5 (not �xed in
our extrapolations)
Low-energy constants to be determined:

cA, Br
10(� ), cV, Er

1(� ), � 0
v

Last 3 to be determined from � v alone
Simultaneous �t to (rv

1)2 and � v � (rv
2)2

Separately for � v

Meifeng Lin (LHPC) Nucleon Electromagnetic Form Factors July 23, 2009 32 / 47



Results Isovector Form Factors

SSE chiral extrapolations
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DWF Results, a = 0.084 fm
PDG 2008
Belushkin et al 2007
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Results Isovector Form Factors

SSE chiral extrapolations

Do not work so well...
� 2/dof = 17 without the O(m0

� ) for (rv
2)2

� 2/dof = 4 with the O(m0
� ) for (rv

2)2

Data are �atter than the chiral formula predict

Implications?

Range of applicability of these formula much lower than m� = 300
MeV?

Finite volume effects?

Other uncontrolled systematic errors?
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Results Isovector Form Factors

Using physical points as constraint to check what the curves should look like to go
through the physical points
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Results Isovector Form Factors

CBChPT extrapolations
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1) 2 = Bc1 +

h
( rv

1) 2
i ( 3)

+
h
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1) 2

i ( 4)
+ O ( m2

� ) ;

where
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1) 2
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Results Isovector Form Factors

CBChPT extrapolations

Formula much more complicated than SSE

Fixed input

gA F� [GeV] c2 [GeV� 1] c3 [GeV� 1] c4 [GeV� 1]
1.2 0.0862 3.2 -3.4 3.5

Also need to determine from the chiral extrapolations of the
nucleon mass: M0, c1 and er

1(� )

MN ( m� ) = M0 � 4c1m2
� +

3g2
Am3

�

32� 2F2
�

s

4 �
m2

�
M2

0

 

� 4 +
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�
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0

+ 4c1
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�
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!
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�
3m4

�
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Results Isovector Form Factors

Nucleon mass extrapolation
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DWF Results, a = 0.084 fm
DWF Results, a = 0.114 fm
Mixed-Action Results, a = 0.124 fm
Experiment

Fit M0 [GeV] c1 [GeV� 1] er
1(� = 1 GeV)[GeV� 3]

Lattice only 0.883(79) � 1.01(26) 1.1(1.3)
Lattice + Exp. 0.8726(29) � 1.049(40) 0.90(32)
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Results Isovector Form Factors

CBChPT extrapolations
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Results Isovector Form Factors

CBChPT extrapolations

� 2/dof c6 dr
6(� ) [GeV� 2] er

74 (� ) [GeV� 2] er
106 (� ) [GeV� 3]

7.3(2.4) 4.290(46) 0.839(7) 1.350(45) � 0.132(37)

Qualitatively similar to the SSE extrapolations

Do not work that well either

Many of the low-energy constants are constrained from
phenomenology ) smaller errorbands

Again, range of applicability much less than 300 MeV??
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Results Isovector Form Factors

Finite volume effects?

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 1.1

 0  0.2  0.4  0.6  0.8  1  1.2  1.4

F
1u-

d

Q2 [GeV2]

203, ml=0.01
283, ml=0.01

DWF on Asqtad calculations on L = 2:5 fm (203) and 3.5 fm (283) lattices
m� = 355MeV

Notable discrepancy at large Q2, but consistent at small Q2

Such effects are not fully understood

Can't resolve the puzzle for quantities de�ned at small Q2, such as the radii andMeifeng Lin (LHPC) Nucleon Electromagnetic Form Factors July 23, 2009 41 / 47



Results Isoscalar Form Factors (connected contributions only)

Outline

1 Introduction
Nucleon Electromagntic Form Factors
Puzzles

2 Lattice Calculations
Methodology
Details of the Calculation

3 Results
Isovector Form Factors
Isoscalar Form Factors (connected contributions only)

4 Summary
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Results Isoscalar Form Factors (connected contributions only)

Isoscalar Dirac and Pauli form factors
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Phenomenology
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Phenomenology

Results for Fu+ d
1 (Q2) are very precise and can be described by the

dipole form well

Results for Fu+ d
2 (Q2) are much noisier; consistent with 0 if �t

through the whole Q2 region by a constant

Linear �ts to Fu+ d
2 (Q2) to small Q2 allow us to extract some

features (radius, anomalous magnetic moment)
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Results Isoscalar Form Factors (connected contributions only)

Linear Extrapolations
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Results Isoscalar Form Factors (connected contributions only)

CBChPT Extrapolations
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Results Isoscalar Form Factors (connected contributions only)

� 2/dof � 0
s d7

(rs
1)2 0.2(9) 2.67(44) � 0.581(19)

� 2/dof � 0
s e54

� s(rs
2)2 0.08(55) 1.6(2.0) � 0.055(44)

� 2/dof � 0
s er

105(� = M0)
� s 0.4(1.3) � 0.247(53) 0.506(63)

Extrapolations for (rs
1)2 again undershoot the empirical value

Simultaneous �ts to (rs
1)2, (rs

2)2 and � s do not work (� 2/dof = 9)

Individual �ts provide reasonable extrapolations to the da ta, but
the resulting LECs are not consistent

Not surprising... Chiral dynamics of the isoscalar observables
start at higher orders (two-loop level)
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Summary

Summary and Outlook

Dirac and Pauli form factors have been calculated with 2+1 �a vors
of domain wall fermions down to m� � 300MeV.

The Q2 dependence of the Dirac and Pauli form factors can be
roughly described by the dipole form, but deviations are visible at
large Q2.

Chiral extrapolations for the Dirac and Pauli radii and the
anomalous magnetic moment do not work with either the SSE or
the CBChPT formulation.

Calculations at several lighter pion masses may be needed to see
the consistency between ChPT and the lattice data.

Finite volume effects are not fully understood yet. Simulations at
several volumes are the only de�nitive way to check.
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